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ABSTRACT ARTICLE HISTORY
We study the Strichartz estimates for the magnetic Schrédinger equa- Received 17 April 2016
tion in dimension n > 3. More specifically, for all Schrédinger admissible ~ Accepted 29 March 2017
pairs (r, g), we establish the estimate KEYWORDS
i Fefferman-Phong class;
1€ 9 @ @my = Cralflizen) magnetic Schrbdinger
. X . equation; Strichartz
when the operator H = —A4 + V satisfies suitable conditions. In the estimates

purely electric case A = 0, we extend the class of potentials V to the

Fefferman-Phong class. In doing so, we apply a weighted estimate for 2010 MATHEMATICS

the Schrodinger equation developed by Ruiz and Vega. Moreover, for SUBJECT CLASSIFICATION
the endpoint estimate of the magnetic case in R3, we investigate an Primary: 35Q41, 46E35
equivalence

(—A)‘l‘f”Lr(R%

and find sufficient conditions on Hand r for which the equivalence holds.

1
IH#fllr 3y ~ CHyr

1. Introduction
Consider the Cauchy problem of the magnetic Schrédinger equation in R**! (n > 3):

ioju — Hu =10, (xt) €R" xR,

(1.1)
u(x,0) =f(x), fes.

Here, S is the Schwartz class, and H is the electromagnetic Schrodinger operator
H=-Vi+V(), Vi=V—iA),
where A = (A1, A%,--- ,A") : R" - R"and V : R" — R. The magnetic field B is defined by
B = DA — (DA)" € Myuxn,

where (DA);; = BXI.Aj , (DA)T denotes the transpose of DA, and M, is the space of n x n
real matrices. In dimension n = 3, B is determined by the cross product with the vector field
curlA:

Bv=curlA xv (veR>.
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In this paper, we consider the Strichartz type estimate
”u”L?(R;L;(Rn)) = Cn,r,q,H”f“Lz(R")) (1.2)

where u = €™Hf is the solution to problem (1.1) with solution operator ¢, and study some
conditions on A, V and pairs (r, q) for which the estimate holds.

For the unperturbed case of (1.1) that A = 0 and V = 0, Strichartz [33] proved the
inequality

it A
1e"f0 20 o < Calf e,

where /"2 is the solution operator given by

eitAf(x) —

ixE+itlE gy
S L e
Later, Keel and Tao [23] generalized this inequality to the following:

1€ Fll 3 gy < Crnalfl2ny (1.3)

holds if and only if (r, q) is a Schrédinger admissible pair; that is, r,q > 2, (r,q) # (00,2),
and 7 + % =Z.

In the purely electric case of (1.1) that A = 0, the decay |V(x)| ~ 1/|x|> has been known

to be critical for the validity of the Strichartz estimate. It was shown by Goldberg et al. [21]

that for each € > 0, there is a counterexample of V = V, with |V (x)| ~ |x| 7€ for |x| > 1
such that the estimate fails to hold. In a positive direction, Rodnianski and Schlag [26] proved

”u”L?(R;L;(R”)) = Cn,r,q,V”f”Lz(]R") (1.4)

for non-endpoint admissible pairs (r,q) (i.e., ¢ > 2) with almost critical decay |V(x)| <
1/(1 + |x])*>T€. However, Burq et al. [3] established (1.4) for critical decay |V (x)| < 1/]x|?
with some technical conditions on V but the endpoint case included. Other than these, there
have been many related positive results; see, e.g., [20], [18], [1], [15] and [2].

In regard to the purely electric case, the following is the first main result of this paper whose
proof is given in Section 2.

Theorem 1.1. Let n > 3 and A = 0. Then there exists a constant ¢, > 0, depending only on n,
such that for any V € FP (%51 < p < %) satisfying

IVIlzr < cn (1.5)
estimate (1.4) holds for all % + % = 5 and q > 2. Moreover, if V € L7 in addition, then (1.4)
holds for the endpoint case (r,q) = n. 9y,

n—-2’
Here, FP? is the Fefferman-Phong class with norm
1
51 p
IViige = sup | — V@)Pdx ) < oo,
r>0, xoeR" ™ JB.(x0)

which is closed under translation. From the definition of F?, we directly get L™ c FP
for all p < 3. Thus the class 7¥ (p < 7) clearly contains the potentials of critical decay

V()| < 1/|x]%. Moreover, 77 (p < %) is strictly larger than L2, For instance, if the
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potential function

Vix)=¢ (|x|) X% ¢ e LIPS, HT_I <p<2, (1.6)

2
then V need not belong to L2® but V e FP.

According to Theorem 1.1, for the non-endpoint case, we do not need any other conditions
on V but its quantitative bound (1.5), so that we can extend and much simplify the known
results for potentials |V (x)| ~ 1/|x|? (eg, ¢ € L®(8""1) in (1.6)), mentioned above. To
prove this, we use a weighted estimate developed by Ruiz and Vega [28]. We remark that our
proof follows an approach different from those used in the previous works.

Unfortunately, for the endpoint case, we need an additional condition that V' € L2,
Although L7 dose not contain the potentials of critical decay, it still includes those of almost
critical decay |V (x)| < qb(lx‘)min(lxr(z*e), x| =), ¢ € L%(S”’l).

In case of dimension n = 3, we can find a specific bound for V, which plays the role of ¢,
in Theorem 1.1. We state this as the second result of the paper.

Theorem 1.2. Ifn =3,A=0and || V|32 < 27 1/3, then estimate (1.4) holdsforall —|— =
and q > 2.

To prove this, we use the best constant of the Stein-Tomas restriction theorem in R3,
obtained by Foschi [16], and apply it to an argument of Ruiz and Vega [28].

Next, we consider the general (magnetic) case that A or V can be different from zero. In
this case, the Coulomb decay |A(x)| ~ 1/|x| seems critical. (In [14], there is a counterexample
for n > 3. The case n = 2 is still open.) In an early work of Stefanov [32], estimate (1.2) for
n > 3 was proved, that is,

||€itHf”L?(R;L;(]Rn)) = CnrqH”f“Lz(R” (1.7)

for all Schrodinger admissible pairs (, g) under some smallness assumptions on the potentials
A and V. Later, for potentials of almost critical decay |A(x)| < 1/]x['*€ and |V(x)| <
1/|x>T€ (]x| > 1), D'’Ancona et al. [7] established (1.7) for all Schrédinger admissible pairs
(r,q) in n > 3, except the endpoint case (1,7, g) = (3,6, 2), under some technical conditions
on A and V. Also, there have been many related positive results; see, e.g., [17], [11], [6], [24],
[12], [19] and [13]. Despite all these results, there has been no known positive result on the
estimate in case of potentials A of critical decay even in the case V = 0.

Regarding the general case, we state the last result of the paper whose proof is provided in
Section 4.

Theorem 1.3. Letn > 3, A,V € C}OC(R”\{O}) and € > 0. Assume that the operator Ay =
—(V —iA)? and H = A4 + V are self-adjoint and positive on L and that

/ V-, , "/
|x

. 1.8
w2 S TE-n ()

[V-llx = sup

xeR"

Assume also that there is a constant C; > 0 such that A and V satisfy the almost critical decay
condition

|A())> + |V (®)| < Cc min (L ;) (1.9)

|x|2—e |x|2+e
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and the Coulomb gauge condition

V-A=0. (1.10)
Lastly, for the trapping component of B as By (x) = (x/|x|) - B(x), assume that
o0 o0
1
/ sup |x|3|B,(x)|2dr+/ sup |x|2|(8,V(x))+|dr <— ifn=3, (1.11)
0 |x|=r 0 |x|=r M

for some M > 0, and that
2(n—1)(n—3)
< —_—

. 3 if n> 4. (1.12)

2
[xBeco| |+ 2P ve), |
Only for n = 3, we also assume the boundness of the imaginary power of H:

IHY || spo— Bmogy < C( + [y)>/2. (1.13)

Then we have

; n 2 n
e rpmy < C my —+-=— and q>2. 1.14
[ f”L?(]R;LX(]R ) = n,r,q,H,e”f”Lz(R ) r q ) q= ( )

Note that this result covers the endpoint case (n,7,9) = (3,6, 2); but the conclusions for
the other cases are the same as in [7]. Here, V4 denote the positive and negative parts of V,
respectively; that is, Vy = max{V,0} and V_ = max{—V, 0}. Also, we say that a function V'
is of Kato class if

VI
W= o | =
and I' in (1.8) is the gamma function, defined by I' («) = fooo x*~le™*dx. The last condition
(1.13) for n = 3 may seem a bit technical but not be artificial. For instance, by Lemma 6.1
in [8], we know that ||Hi}’||Loc_)BMoH <Cl+ |y|)3/2 using only (1.8). Also, there are many
known sufficient conditions to extend such an estimate to BMO — BMO, like the translation
invariant operator [25]. For the definition and some basic properties of BMOp space, see
Section 3.
The rest of the paper is organized as follows. In Section 2, we prove Theorems 1.1 and 1.2.
An equivalence of norms regarding H and —A in R? is investigated in Section 3. Finally, in
Section 4, Theorem 1.3 is proved.

dy < oo,

2. The case A = 0: proof of Theorems 1.1 and 1.2

In this section, the proof of Theorems 1.1 and 1.2 is provided. Let n > 3, and consider the
purely electric Schrédinger equation in R"*!:

iopu + Au=Vx)u, (xt)eR"xR,
u(x,0) = f(x), fes.

By Duhamel’s principle, we have a formal solution to problem (2.1) given by

(2.1)

t
u(x, t) = e (x) = " f (x) — i / e I8V (x)eHfds.
0
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From the standard Strichartz estimate (1.3), there holds

t
it NPT, . H / =91 (0 gisH £
I f”L?(R;Lx(R”)) = n,r,q”f”LZ(R ) o (%) f L?(R;L;(R”))

for all Schrodinger admissible pairs (r, q). Thus it is enough to show that

t
H / G () eiSHde
0

for all Schrodinger admissible pairs (7, q).
By the duality argument, estimate (2.2) is equivalent to

LI(R;LL(R7)) = CurgvIlfilzzaen (2.2)
t X

t
i(t—s)A isH . ,
/R /0 <e (Ve f),G(,t)>L§dsdt§C||f||Lz(Rn)||GIIL?(R;L;/(R”)).

Now, we consider the left-hand side of this inequality. Commuting the operator and integra-
tion, we have

t
// <ei(t—s)A(V(x)eist),G(.,t)> dsdt
R Jo L

t
- / / <V(x)eiSH ,e*“f*S)AG(-,t)) dsdt
R Jo L2

[e.¢]
:/ (V(x)eiSHf,/ eii(f*S)AG(-,t)dt> ds.
R s L2

By Holder’s inequality, we have

o0 o0
isH —i(t—9)A isH —i(t=s)A
./[[g(V(X)e f,/; e~ it G(-,t)dt)L)z{dsf “e f”L)%,s(lVl) H/S e E=IAG(, bt

L2,V
Thanks to [28, Theorem 3], for any 51 < p < %, we have
- 1

if condition (1.5) holds for some suitable constant c,. More specifically, by Propositions 2.3
and 4.2 in [28], we have

”eitHf”Lﬁ,t(lVl) < ”eimf“Lit(lVl) + H/ ei(t—s)AV(x)eistds

t
0 L2,V
1
1 -
< CVIE Il + ClVIF [V S 2 v,
1 .
= CIVIE Il + ColVIZ I f 2 -
Thus, if | V]2 < 1/(2C2) =: ¢4, we get
. 1 1 .
H H
1512, v < GV N2z + S0 F Nz vy
and this implies (2.3) by setting C,, = 2C;. As a result, we can reduce (2.2) to
m .
H / e TIAG(., 5)ds
t

Cn,r,q,V”G” (2-4)

= q ' .
L2,.(VD Ly (R;Ly (R™))
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It now remains to establish (2.4). First, from [28, Proposition 2.3] and the duality of
Keel-Tao’s result (1.3), we know that

H / e TIAG(., 5)ds
R

2,4vpy

‘eitA / e ID G, 5)ds
R

L2,(VD

1 .
< Cn||V||§:pH/RG_ISAG(-,S)ds

L3
1
=< Cn,r,q||V||_27:p||G||L?’L;/ (2.5)
for all Schrodinger admissible pairs (r, q). In turn, (2.5) implies
f 1
i(t—=s)A . 3 ,
| [ deo2aeoa], < ConalVIE1Gl e e 26)

by the Christ-Kiselev lemma [5] for g > 2. Combining (2.5) with (2.6), we directly get (2.4)

for g > 2. Next, for the endpoint case (r,q) = %, 2), we have

2n

1
< IVII*y an_
2 L2(RLYI™ (RM)

L, (V) — L2

t
H / IAG(., 5)ds
—0oQ0

t
/ MG, 5)ds
—0oQ

1
< GlIVII*, Gl 2n_ (2.7)
L? LERLIT? (RM))

from Holder’s inequality in x with the inhomogeneous Strichartz estimates by Keel-Tao.

Observe now that (2.7) implies (2.4) when g = 2 under the assumption V € L2.

The proof of Theorem 1.1 is now complete.

Now, we will find a suitable constant in Theorem 1.2. For this, we refine estimate (2.3)
based on an argument in [28]. We recall the Fourier transform in R”, defined by

7€) = [ o

and its basic properties

1
@m)”

ix-& 7, 1
‘én e Sf(s)dé and ”.f”Lz(R”) — m

f =

fl2
Thus, we can express ¢/’ f using the polar coordinates with r> = 1 as follows:

! / e / 5 F (&) do, (&) dr
0 s

itA g
= o

— 1 * itk/ l'x,g’\ 7%
a 2(27r)”/0 ¢ Snﬁe f&)do ;(6)r"2d).

Take F as

F() = / T (©)do ()2
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if A > 0and F(1) = 0if A < 0. Then, by Plancherel’s theorem in ¢, we get

i 2 2
17 12,0v0 = 3y /R ) ( fR |F(A)|2dx) |V (x)|dx
__ T * e 2.
s L (1L o)
__T °°<
a (2n)2"/0 / "

Now, we consider the # = 3 case and apply the result on the best constant of the Stein-Tomas
restriction theorem in R? obtained by Foschi [16]. That is,

||ﬁiEHL4(R3) < 27llfll2s2)

PPN 2
f € 7(6)dor &) |V(x)|dx) rtdr
sr—t

where
fio (x) = /5 e f(E)do ().

Interpolating this with a trivial estimate

||fd0 ”LOO(R3) = ||f||L1(SZ) =W 47T|lf”L2(SZ)>
we get

1fdo || sy < 2@l s2)-

By Holder’s inequality, we have

(L[ e Feee| wwi) <] [ .

< 2'3@ry P VIpsIflis
So we get

2
sl Vil

(»:

itA £||2 21/3 5/3
e f“Lit(|v|) P m)Y ||V||L3/2|Lf||Lz

(27 )6
1 2
Py IV llf 172

By the argument as in the proof of Theorem 1.1, we have

t
A i(t—s)A isH
t(lVD =~ “et f”sz('Vl) + H/ e’(t S) V(x)els de
0

||e Lz, (VD
Xt

VI 3/2||f||L2 t5 1/3 IV V(x)eltHf“LZ (VI

<
- \/_ 1/6

1 1
= N4 3/2|Lf||Lz + Vil 1z v

f 1/6

Thus, if | V|32 < 273, then
itH
e f”LZ (v = =< Cvlifllzz- (2.8)

Using (2.8) instead of (2.3) in that argument, the proof of Theorem 1.2 is complete.
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3. The equivalence of two norms involving H and —A in R3

In this section, we investigate some conditions on H and p with which the equivalence

IH fllp ) ~ Chip ||(_A)%fHLP(]R3)

holds. This equivalence was studied in [7] and [4] that are of independent interest. We now
introduce such an equivalence in a form for n = 3, which enables us to include the endpoint
estimate also for that dimension.

Proposition 3.1. Given A € L,ZO C(R3;]R3) and V : R? — R measurable, assume that the
operators Ay = —(V — iA)? and H = — A4 + V are self-adjoint and positive on L* and that
(1.13) holds. Moreover, assume that V. is of Kato class and that A and V satisfy (1.8) and

IA®)? + |V - A@)| + [V(x)] < Comin (le% M%) (.1)

for some 0 < € < 2and Cy > 0. Then the following estimates hold:
IHfllp < CepColl(~A)ifllpy, 1<p<6, (3.2)
13l = Gl -A)flp, 5 <p <4 (33)

In showing this, we only prove (3.2) as estimate (3.3) is the same as [7, Theorem 1.2]. When
1 < p < 6, estimate (3.2) easily follows from the Sobolev embedding theorem. However, to
extend the range of p up to 6, we need a precise estimate which depends on € in (3.1). Toward
this, we introduce a weighted Sobolev inequality as below.

Lemma 3.2 (Theorem 1(B) in [29]). Suppose 0 < o < n,1 < p < q < 0o and vi(x) and
v2(x) are nonnegative measurable functions on R". Let v1(x) and v, (x)l_P, satisfy the reverse
doubling condition: there exist §,€ € (0, 1) such that

/ v1(x)dx < e/ vi(x)dx forall cubes Q C R".
3Q Q

Then the inequality

(/ Lf(x)|qV1(x)dx)q = C([ |(—A)a/2f(x)|pvz(x)dx>P
R" R"
holds if and only if

|Q|ﬁ—1</QV1(x)dx>q(/sz(x)l_f’,dx)p/ <C forallcubes QCR".

From Lemma 3.2, we obtain a weighted estimate as follows.

Lemma 3.3. Let f be a C°(R®) function, and suppose that a nonnegative weight function w
satisfies

. 1 1
w(x) < min (M?, |X|T+E> (3.4)
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for some 0 < € < 2. Then, forany1 < p < %, we have

Ifwlle < Cepll Af e
Proof. Foralll < p < %, we directly get

el =i

from Holder’s inequality in Lorentz spaces and the Sobolev embedding theorem. For p = %
by Holder’s inequality, we get

peolfll 2, = CIASIL (3.5)

2q—3

2 1 29—>
( / [f(x)ﬁw(x)%dx) 5( / [f(x)ﬂw(x)(l—@)qu)q( / w(x)mzs‘)dx> !
3 3 R3

forany2 <g<ooand0 < 6 < 1. Takingd =1 — 3 2, we have

( / tf<x>|3w(x>3dx>3sce,q( / lf(x)ﬂw(x)?dx)q
R3 R3

because of (3.4). Thus, using Lemma 3.2 witha = 2, (p,q) = (%,q), vi(x) = W(x)% and
v,(x) = 1, we have

(/R3 [f(x)|§w(x)3dx>3 < ce,q</R3 |Af(x)|3w(x)3dx)3. (3.6)

Combining (3.5) and (3.6), the proof is complete. O

Finally, we prove Proposition 3.1. We use Stein’s interpolation theorem to the analytic
family of operators T, = H* - (—A)~%, where H? and (—A)~* are defined by the spectral
theory. Denoting z = x + iy, we can decompose

T: = Tepiy = HYH' (- A) (=),

In fact, the operators H” and (—A)~” are bounded according to the following result.

Lemma 3.4 (Proposition 2.2 in [7]). Consider the self-adjoint and positive operators — A4 and
H = —Ap+ VonlL? Assume that A € LIZOC(R3; R?) and that the positive and negative parts
Vi of V satisfy: Vy is of Kato class and

3/2

ra/2)’

IV_lx <

Then for all y € R, the imaginary powers H satisfy the (1, 1) weak type estimate

; 3
IHY[Ip1 10 < €A+ [yD)2.

Lemma 3.4 follows from the pointwise estimate for the heat kernel p;(x, y) of the operator

e tH as

(2t)73/2 _lxyP
e~ 8t
—Tra/2)v-lx

Regarding this estimate, one may refer to some references [4, 9, 30, 31].

|Pt(x;}’)| =< 7_[3/2
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By Lemma 3.4, we get
ITaflp < CAL+ DIl forall 1<p < oo,
Then by (1.13), we have

| M (H” (=2)77F)

[ Ti)/f”BMOH : HLoo

< CA+ D (=A)F| g < CA+ D[ llzee,
where
# L _ —r2H
Mif ()= S0 BT Sy VO €Oy < o0

Next, consider the operator T1+iy- If

IH(=A)"fllr < Cllfllpp forall 1 <p <

>

| W

then by (3.7), we get

ITisflr < Clifl forall 1<p<>.
Taking T“Zf := M};(T.f) and applying (3.10) with a basic property’:
IMjyflie < Clif e forall 1 < p < oo,
we have
Trspfler < Clifl forall 1<p <>,
So, applying Stein’s interpolation theorem to (3.8) and (3.12), we obtain
ITy/af I < Clfle forall 1 <p <6,
and using (3.11) again, we have

IHY4f|Ip < Cl(=A) Y4 || forall 1 <p <.

Now, we handle the remaining part (3.9); that is, we wish to establish the estimate

IHf lIe < ClIAfllze-

For a Schwartz function f, we can write

Hf = —Af +2iA-Vf+ (A +iV - A+ V)f.

(3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

From Hoélder’s inequality in Lorentz spaces and the Sobolev embedding theorem, we get

1A - VAl = ClAl= VANl 2, = CllAllso | Af Nl
forall 1 < r < 3. On the other hand, applying Lemma 3.3 to (3.1), we get

|GAP +iV - A+ V)f |, < CColl Afllrr

'Some properties of the BVIO; space can be found in [10].
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foralll <r < % Thus we have

3
IHf lr < CllAfllzr forall 1 <7 < —,

8]

and this implies Proposition 3.1.

4, Proof of Theorem 1.3

In this final section, we prove Theorem 1.3. This part follows an argument in [7]. Let u be a
solution to problem (1.1) of the magnetic Schrodinger equation in R+ By (3.13), we can
expand H in (1.1):

H=—-A+2A-V+|AP+iV-A+V.

Thus, by Duhamel’s principle and the Coulomb gauge condition (1.10), we have a formal
solution to (1.1) given by

t
u(x, t) = e™Mf(x) = " f(x) — i / e =IAR(x, V) e Hfds, (4.1)
0

where
R(x,V) = 2iA - V4 — |A? + V.
From [27] and [22] (see also (3.4) in [7]), it follows that for every admissible pair (r, g),

O L .
1912 / INFC,9ds| < Cang Y2 IxG Pz, (42)
0 t Lx X >
JEZ

where C; = {x : 2 < |x| < 2t} and Xc; is the characteristic function of the set Cj. Then,
from (4.1), (1.3) and (4.2), we know that

t
1 1 - 1 o .
190l gy = 19181 g+ 01E [0 D],

t=x

= Carg[IV1"f 3 + Curg 3272 xR Ge D)el™
jeZ

Xt
For the second term in the far right-hand side, we get

H XGR(x, V)ye't

2 itH
o+ |ratar s wvnetis]

x,t Xt

- zH XGA - Vacllf
Xt

Next, we will use a known result in [15], which is a smoothing estimate for the magnetic
Schrodinger equation.

Lemma 4.1 (Theorems 1.9 and 1.10 in [15]). Assumen > 3, A and V satisfy conditions (1.10),
(1.11), and (1.12). Then, for any solution u to (1.1) with f € L2 and —Auf € 12, the following

estimate holds:
sup — / / |Vau|*dxdt + sup — f f lu|*do (x)dt
rR>0 R [x|<R r-0 R? Ix|=R

1
< Call(=AQfl12,.
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From (1.9) with Lemma 4.1, we have

sz/z HX j
jez ot
I 2 7
< ZJ(sup |A] —/ / [Vau| dxdt)
Z 2+ Jo |x| <2/+1

itH

jeZ x€C;
1
(ZZJ sup |A|> sup — / / |VAu|2dxdt>2
x€Cj R>0 |x|<R
< Cae ”(_AA)Zf”L}C
and
Zz]/zHXC |A| +|V|) ltHf Lz
2t 1
< sz/z( sup (JAI* + |V]) / / / |u|2da,(x)dtdr)2
x€Cj [x|=r
1
< (Zsz sup (|A|2 + | V| ) sup R_/ / IulzdaR(x)dt>2
jeZ x€C; R>0 |x|=R
1
< Cave ”(_AA)zf”L}C'
That is,

119126 1y < Congl1917F | + Corgavee| (A0 .

First, consider the case n = 3. By (1.9), estimate (3.2) in Proposition 3.1 holds for all
1 < p <6.(Here, H= —A4 + V.) Then by (3.3) in Proposition 3.1, we get
| EE e ] o

< clIvizef 4

RLE(RY) — (R;LE(R?))

< ClIVIf | pagesy + Cl =805 | sy

< ClH]

x(R3) (43)

for all admissible pairs (7, g). (It clearly includes the endpoint case (n,7,q) = (3,6,2).)

Next, for the case n > 4, we already know that (3.2) holds for 1 < p < 2n and that (3.3) is
valid for < p < 4 under the same conditions on A and V (see [7, Theorem 1.2]). Thus, we
can easﬂy get the same bound as (4.3) for all admissible pairs (r, q).

1 .
Since the operators H1 and e

e f sz = CIf Lz

from (4.3), and this completes the proof.

commutes, we get
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